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I. Introduction

Few realist models in the academic literature are well-
suited for analyzing quantum circuits. These models often
rely on physical parameters that lack direct relevance to the
abstract framework of quantum information theory, limiting
their utility in practical applications. The purpose of the
model presented here is to address this gap by constructing
a hidden variable framework that operates entirely within
the abstract formalism of quantum information. This ap-
proach ensures compatibility with the analysis of quantum
circuits, regardless of the specific physical implementation.

The key insight lies in leveraging the fact that the global
phase of a quantum state is inherently unobservable. By
treating this phase as a random variable, we can incorporate
it into the model without violating the principles of quantum
mechanics. When a quantum circuit is updated, the unaf-
fected qubits are first conditioned upon, allowing the proba-
bility distribution derived from the Born rule to be tied to a
specific configuration of the system. A cumulative distribu-
tion function (CDF) is then used to map this probabilistic
structure to a deterministic update rule for the affected
qubits. This ensures that the model remains consistent with
the stochastic nature of quantum measurements while pre-
serving the deterministic evolution of the system’s underly-
ing structure.

By framing the global phase as a source of variability
and using the CDF to mediate the transition between proba-
bilistic and deterministic descriptions, the model provides a
novel framework for interpreting quantum dynamics. This
approach not only aligns with the mathematical foundations
of quantum theory but also offers a practical tool for analyz-
ing the behavior of quantum circuits in a realist, hidden-
variable context.

I1. The Model
A. Computational Basis
The statistical distribution of qubit measurement out-

comes in a quantum circuit at a specific moment is deter-
mined by the Born rule,™ as defined in Equation (1).

Pr(z|y) = |(z|y)[? (1)

In a realist framework, qubits must be considered to
possess an ontic state. Consequently, the probability distri-

bution derived from Equation (1) should be interpreted as a
Y-epistemic model, reflecting the observer’s incomplete
knowledge of the system’s true state rather than indefinite-
ness. The quantum computer’s memory is assumed to have
a definite configuration in the physical world, with the sta-
tistical distribution merely encoding the observer’s igno-
rance about its exact state.

A quantum circuit can be represented in an arbitrary ba-
sis. However, interpreting the probability distribution epis-
temically poses a challenge: it would imply that the quan-
tum system’s ontic state exists simultaneously across all
possible bases, directly contradicting the Kochen-Specker
theorem.”

This issue can be resolved by designating the computa-
tional basis as the privileged reference frame. The probabil-
ity distribution in Equation (1) then accurately represents an
epistemic description of the system only when the quantum
state is expressed in the computational basis.

Any arbitrary quantum circuit measured in a non-com-
putational basis can be equivalently described in the compu-
tational basis through a change of representation. This is
analogous to the act of rotating a globe: if one walks around
a stationary globe at an angle 8, or rotates the globe itself by
-0 while remaining stationary, the perceived orientation of
features on the globe’s surface remains identical.

Thus, a rotation of the measurement apparatus can be re-
cast as an inverse rotation of the qubit’s quantum state. This
inverse transformation corresponds to the time-reversed
process, represented mathematically by the Hermitian trans-
pose of the unitary operator describing the measurement de-
vice’s rotation.

The operator describing a rotation of the measurement
apparatus is given by Equation (2). To determine the unitary
transformation U, we assume the computational basis is rep-
resented by Z. Equation (3) provides the unitary transforma-
tion required to rotate the measurement device for measur-
ing in the X-basis, while Equation (4) specifies the corre-
sponding transformation for the Y-basis.

vout =z (2)
HXH' =27 (3)
(SH)Y (SH) = Z (4)

By applying the Hermitian transpose of the Hadamard
gate as defined in Equation (3), we can equivalently per-
form measurements in the X-basis by instead measuring in
the Z-basis. Similarly, measurements in the Y-basis can be
recast as Z-basis measurements by applying the Hermitian
transpose of the product of the Phase-S and Hadamard
gates, as derived in Equation (4). This approach enables all
orthogonal measurements to be expressed in the same com-
putational basis.

Since measurements that are not aligned with the com-
putational basis require the application of unitary operators
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prior to measurement, such operations cannot be interpreted
as passive observations that merely reveal the system’s on-
tic state to the observer. Instead, these measurements must
be understood as active transformations of the ontic state,
reflecting the system’s behavior under external manipula-
tion rather than direct access to its ontic configuration. Only
measurements performed in the computational basis can be
considered passive revelations of the quantum system’s on-
tic state, as they do not necessitate prior unitary interven-
tion.

This privileging of a particular basis and interpreting the
measurements misaligned with the privileged basis as emer-
gent properties of the system is not original to us. It is simi-
lar to a proposal by Jacob Barandes.™

B. Global Phase Factor

The global phase of a quantum state does not influence
the statistical outcomes of measurements given by Equation
(1), as it remains invariant under unitary transformations."’
This invariance allows us to define the initial configuration
of a quantum circuit, as shown in Equation (5), where |x)
represents an arbitrary quantum state and A denotes the
global phase.

) = |z)e™ (5)

If the global phase A does not influence the system’s
physical properties and is therefore empirically unobserv-
able, it is irrational to assume that A necessarily has a defi-
nite value at the beginning of the quantum circuit. Conse-
quently, it is more reasonable to treat A as a random vari-
able. This implies that the global phase is randomly selected
rather than predetermined.

While the statistics in Equation (1) remain unaffected by
variations in A, the phases of the quantum state described by
Equation (6) can vary significantly at each time step during
the computation when A is varied.

¢ = arg(v) (6)

This enables the definition of y, as given in Equation
(7). y is a parameter that evolves throughout the quantum
circuit, encapsulating the cumulative phase offset resulting
from variations in A. If A is uniformly distributed, y will also
follow a uniform distribution over the interval [0,1].

_ Yok ¢k2;n0d 27 (7)

v

This will be referred to as the global phase factor.
C. Discrete Update Rule

The quantum state evolves discretely over time accord-

ing to a series of unitary operators, as defined in Equation
(8). This model assumes a deterministic evolution of the
quantum state throughout the computation.

[¢") = Uly) (8)

Once the quantum state is updated, the ontic states of the
qubits must also be updated. When the square amplitude of
the unitary operator corresponds to a permutation matrix,
the ontic state is updated directly via the permutation ma-
trix, as shown in Equation (9).

§' =Ps (9)

If the unitary operator does not correspond to a permuta-
tion matrix, a stochastic update rule must be applied. First,
compute the joint probability distribution across the full
system memory using Equation (1). Next, account for the
unaffected qubits by conditioning the distribution on their
known values. States conflicting with these fixed values are
assigned zero probability, and the remaining probabilities
are normalized by dividing by the total sum of the distribu-
tion, as shown in Equation (10).

Pri(x4) = Pr(xa,xp =vp) - I(xp =vp)
ZyA P(ya,xp =Vr)

(10)

This process is equivalent to a Bayesian update, where
the prior global distribution is conditioned on the known
values of the idle qubits. Equation (10) produces a statistical
distribution that is non-degenerate for the qubits affected by
the unitary operator and degenerate for those not affected.
The next step is to define a cumulative distribution function
(CDF) for this probability distribution, as shown in Equa-
tion (11).

k
F(xzy) = ZPT’(XA)Z' where F(z9) =0 (11)

=1

The CDF defined in Equation (11) can then be used to
select a new configuration for the system, as shown in
Equation (12), using the global phase factor y.

§/zxk g F(I’k_l) §’7<F(I‘k) (12)

This configuration can then be used to construct a new
permutation matrix. This matrix will be an identity matrix
except for swaps between the new configuration given in
Equation (12) and the current configuration. The methodol-
ogy to construct this permutation matrix is detailed in Equa-
tion (13).

(13)

P=1-55" —3'3"T +55'T +3'5"



Finally, this permutation matrix can be used to discretely
evolve the qubits according to Equation (9). The choice of
permutation matrix is deterministic, as it is ultimately deter-
mined by y.

D. Continuous Update Rule

The continuous dynamics of the quantum state can be
described as outlined in Equation (14). This approach works
because the equation enables continuous time evolution
while preserving the unitary nature of the transformations,
ensuring the system’s behavior remains well-defined and
predictable.

[4(1)) = U'[¥(0)) (14)

Once a permutation matrix is obtained for use in Equa-
tion (9), the continuous dynamics of the ontic states of the
qubits can be described using unistochastic dynamics, as de-
fined in Equation (15). Unistochastic dynamics refer to a
process where the evolution of the system is governed by
the square of a unitary matrix, allowing for a probabilistic
interpretation of the state transitions.

plt) = [P'*5(0) (15)

Equation (15) generates a vector representing a proba-
bility distribution. A new configuration of the system can be
selected from this distribution using the method outlined in
Equations (11) and (12), incorporating the global phase fac-
tor y. The resulting dynamics cause the qubit values to os-
cillate during continuous updates before eventually con-
verging to a stable configuration.

II1. Discussion

We justify treating the global phase as a random variable
due to its immeasurability and its lack of influence on the
stochastic dynamics of the quantum circuit. This makes it
rational to assume its value varies between experiments as a
random variable rather than assigning it a fixed value.

There is, however, another justification for this choice.
In our stochastic network interpretation of quantum infor-
mation,™ the quantum state is decomposed into two real-
valued vectors: one corresponding to the probability distri-
bution given by Equation (1), and the other representing the
phases described by Equation (6). These vectors are updated
directly without reverting to the traditional quantum me-
chanical formalism.

This approach eliminates the need for the collapse of the
wavefunction, as only the probability vector must be up-
dated at the moment of measurement. This corresponds to a
Bayesian knowledge update on the probability vector. The
phase vector, interpreted as a deterministic property of the

system, remains unaffected by the measurement process.
Consequently, it is not meaningful to update the phase vec-
tor through a knowledge update.

If the phases are not updated, the measurement rule does
not require stripping away the phase factors. Instead of re-
ducing the quantum state to a basis state without a phase
factor, the measurement rule can be defined in a similar way
as Equation (10) where we zero out probability amplitudes
for any state conflicting with these fixed values and normal-
ize the remaining quantum state.

This rule ensures that incompatible observations are set
to zero, and the quantum state is normalized accordingly. It
preserves the integrity of the phase vector while updating
the probability distribution.

Consider a quantum circuit analogous to the Mach-
Zehnder interferometer, where a single measurement is per-
formed on the outputs of the two beam splitters. The beam
splitter operator is defined in Equation (16).

50 )

Now, consider repeating the experiment with the same
qubit. We assume the qubit’s state is reversed using the
Pauli-X gate to restore it to its original configuration. At
each iteration, a measurement is performed using a phase-
preserving update rule. This process resets the qubit to an
eigenstate while preserving its phase factor. As a result, the
entire circuit can be represented using Equation (17), where
n denotes the number of trials.

(16)

o) = x5y (g) a7)

When we graph how y evolves over trials, it becomes
clear that y is not consistent across trials.

Evolution of the global phase factor (y) per trial (n)
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Thus, we can reasonably conclude that A, and by exten-
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sion y, does not always begin with a definite value at the
start of each quantum circuit. Instead, it must be treated as a
random variable. This probabilistic treatment enables A to
play a deterministic role within this model.
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